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Resumo

Nesta dissertacao, estudamos a rigidez geométrica em variedades quasi-Einstein com-
pactas (M™, g, f), n > 4 sob a condicao do tensor de Bach nulo. Seguindo a abordagem
metodoldgica de Chen e He [6], analisamos o comportamento do tensor de Weyl e da
funcao potencial f nesses espacos. mostramos que a anulagao do tensor de Bach restringe
rigidamente a geometria da variedade, implicando que o espaco ¢é localmente conforme-
mente plano se n = 4, ou que possui tensor de Weyl harmonico e curvatura de Weyl radial
nula se n > 4. Por fim, discutimos a classificacao global decorrente dessas propriedades
para o caso em que o parametro m # 1 e a constante A € positiva.

Palavras-chave: Produto Warped, variedades quasi-Einstein, tensor de Bach, tensor

de Weyl.



Abstract

In this dissertation, we study the geometric rigidity of compact quasi-Einstein mani-
folds (M™, g, f), n > 4, under the Bach-flat condition. Following the approach of Chen
and He [6], we analyze the behavior of the Weyl tensor and the potential function f on
these spaces. It is shown that the vanishing of the Bach tensor rigidly restricts the geom-
etry of the manifold, implying that the space is locally conformally flat if n = 4, or that it
has a harmonic Weyl tensor and zero radial Weyl curvature if n > 4. Finally, we discuss
the global classification resulting from these properties for the case where the parameter
m # 1 and the constant A is positive.

Keywords: Warped product, quasi-Einstein manifolds, Bach tensor, Weyl tensor.
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Introduction

In the study of Riemannian geometry, particularly within the context of four-dimensional
manifolds, it is a well-known fact that if a manifold is either Einstein or locally conformally
flat, its Bach tensor vanishes identically. Motivated by this relationship, Chen and He [6]
investigated the converse problem, seeking to determine the exact geometric conditions
under which a Bach-flat manifold recovers these highly symmetric structures.

Following this line of inquiry, the central focus of this work is the study of a specific
class of Riemannian manifolds subject to a vanishing Bach tensor, known as quasi-Einstein
manifolds. A quasi-Einstein manifold, or m-quasi-Einstein manifold, is a complete Rie-
mannian manifold (M™, g) equipped with a smooth potential function f € C*°(M) that

satisfies the (A, n + m)-Einstein equation
. 1
Rle = Rij + Vivl'f — Hviijf = 7\911', (1)

where A and m are real constants. We call Ricf* in (1) the m-Bakry-Emery tensor.
An important and motivating feature of this framework occurs when the parameter m
is restricted to a positive integer. In this setting, (A,n + m)-Einstein metrics on an
n-dimensional manifold M™ correspond precisely to the base metrics of an (n 4+ m)-
dimensional Einstein warped product space. Specifically, the product manifold (M™ x

F™. g) equipped with the warped metric
g=g+e mgr

is an Einstein manifold with Einstein constant A where the space (F™, g¢) is an Einstein
manifold.

Therefore, throughout this work, we focus on building the foundational concepts and
analytical tools necessary to establish classification and rigidity results for an important

class of complete quasi-Einstein manifolds, those subject to a vanishing Bach tensor. On
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any Riemannian manifold (M™, g) of dimension n > 4, the Bach tensor B is a symmetric,
trace-free (0, 2)-tensor whose components in local coordinates are defined by

1 1
Bij = —vkvlwlk]l + Rklwlk)b (2)
n—

where V denotes the covariant derivative, and Wjyy; are the components of the Weyl
curvature tensor.

Next, we focus our attention on presenting the main structural and classification results
established throughout this work.

The first core result provides a definitive rigidity classification in the critical four-

dimensional setting

Theorem 0.0.1. Suppose (M* g,f) is a compact quasi-Einstein manifold with m #
0,1,—2. If the Bach tensor B vanishes everywhere on M, then (M*,g) is a locally con-
formally flat manifold.

Theorem 0.0.1 arises as a direct consequence of a more general, higher-dimensional

localization theorem combined with existing structural results detailed in [13].

Theorem 0.0.2. Suppose (M™,g,f) (M > 4) is a compact quasi-Finstein manifold with
m #0,1,2—mn. If the Bach tensor B vanishes everywhere on M, then M has a harmonic
Weyl tensor and satisfies

Wi,-klvlf =0.

Theorem 0.0.2 is conceptually analogous to the rigidity characterization for gradient
Ricci solitons established by Cao and Chen [3].

By leveraging the global classification of warped product Einstein manifolds with a
harmonic Weyl tensor and satisfying W(VT, -, -, Vf) = 0 as proved in [13, Theorem 1.2],

Theorem 0.0.2 yields the following definitive global classification parameter

Corollary 0.0.1. Let m # 1 be a positive number. Suppose that (M™, g,f) M >4) is a
simply connected, compact quasi-Einstein manifold with A > 0 and has a vanishing Bach

tensor. Then (M™, g, f) is either
(i) Einstein and the potential function f is constant, or

(ii) A warped product such that

g=dt* +*(t)gr and f=f(t),
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where gr s an Einstein metric with nonnegative Ricci curvature, and has constant

curvature if n = 4.

Remark 1. In the proof of [13, Theorem 1.2] , the authors assumed that m > 1.



Chapter 1

Background

1.1 Some Tensors concepts
In this section, we review some basic facts of Riemannian geometry and introduce the
fundamental tensor fields and structural identities used throughout this work.

Definition 1.1.1. Let V be a finite-dimensional vector space and V* the dual space of V.

A covariant s-tensor on V is a multilinear map
T:Vx---xV, — R
A contravariant r-tensor is a multilinear map
T:V:x.-..xV;—R
A tensor of type (v, s) is an s-covariant and r-contravariant tensor, that is, a multilinear
map
TV x-  xVIxVx---xVg— R

In what follows, (M™, g) will denote an n-dimensional Riemannian manifold with metric
g and Levi-Civita connection V. The commutative ring of differentiable (or smooth, C*)
functions on M will be denoted by C®(M). The space of smooth vector fields on M will
be denoted by X(M).

Definition 1.1.2. A tensor field A on a manifold M™ is a tensor over the C*°(M)-module
X(M). Thus, an (r,s)-tensor A is a map

A:XM)" x - xXEM)" x XE(M) x - x X(M) — C*(M)
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that is multilinear over C*®. More precisely, A is a C*(M)-multilinear map that associates

to each (1 + s)-tuple (YL, ..., Y",X1,...,Xs) a differentiable function
f=A. .Y, Xq,..., X)) : M™ — R,

The position occupied by Y' is called the i-th contravariant entry, and the position occupied
by Xj is called the j-th covariant entry. In this manner, (0,s)-tensors are said to be
covariant and (v,0)-tensors are said to be contravariant. We denote by JL(M) the module

of all (r,s)-tensors over C*(M).
The following definition establishes how the product of two tensors is constructed.

Definition 1.1.3. Let A € 3%(M) and B € 37,(M). The tensor product of the tensor A

with the tensor B is the tensor
A@B: X (M) x X(M)*+s — C®(M)
defined by

(A®B)(Yl7~~aYr+r’7X17 <o >Xs+s’)
=AY, Y Xy, S X BY e, Y Xet, - Xepsr).

Ifr" =s’" =0, then B is a function f € C*(M). In this case, we define
ARf=fe A ="fA.

Moreover, if A is a (0,0)-tensor, then the tensor product reduces to multiplication in
C®(M).

Thus, throughout this work, whenever we refer to an (r,s)-tensor, we shall regard
it as a multilinear map. Furthermore, throughout the text, we shall adopt the Einstein
summation convention, namely, the summation symbol is omitted whenever an upper index

and a lower index are repeated. For instance,
n
_ j
Yi = § X; Ej.
i=1
15 equivalent to

yi = X

1
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1.2 Differential Operators

Definition 1.2.1. We define the covariant derivative of a (1,s)-tensor T to be the

(1,s + 1)-tensor

VT:X(M) x--- x X(M) — X(M)

s+1 times

given by
VT(X7Y17"'7YS) = (VXT)(Y17"'7YS)

= Vx (T(Y1, ... Ye) = ) TV, Vx Vi, Y.

i=1
Definition 1.2.2. Let f: M — R be a differentiable function. The gradient of f is the
differentiable vector field VT defined on M by

(VT,X) = X(f),
for all X € X(M).

An alternative characterization of this definition is provided by the following proposi-

tion.

Proposition 1.2.1. Let f : M — R be a smooth function and {e,es,...,en} an or-

thonormal frame on an open neighborhood U C M. Then, on U we have
V= i ei(f)e;.
i=1
Proof. On U we can write Vf =) " | aie;. Thus, it can be concluded by observing that
ej(f) = q;.
O

Furthermore, some fundamental properties regarding the gradient of the potential

function are detailed in the sequel.
Proposition 1.2.2. Iff,g: M™ — R are smooth functions, then

(i) V(f+g) =Vf+Vg;



Chapter 1. Background 7

(i) V(fg) =gVf+fVag.

Proof. Tt suffices to observe that, for any smooth vector field X on M, it follows directly
from the definition of the gradient that

(V(f+g), X) = X(f + g) = X(f) + X(g)
= (VF,X) + (Vg,X)
= (Vf+ Vg, X),

and
(V(fg), X) = X(fg) = gX(f) + fX(g)

= (gVf,X) 4+ (fVg,X)
= (gVf+ Vg, X).

We now define the divergence

Definition 1.2.3. Let X be a smooth vector field on M™. The divergence of X is the
smooth function divX: M™ — R, given for p € M by

(dinX)(p) = triv = (V. X)(p)}, (1.1)

where v € T,M and tr denotes the trace of the linear operator enclosed in braces.
Similarly to the previous definition, the divergence of a (1,1)-tensor T is defined as

the (0,1)-tensor
(divT)(vi,...,v) = triw— (V, T) (v, ..., v}
=g VT (vi, ..., V).
In particular, if T is a (0,2)-tensor, then in local coordinates we have
(divT); = ¢*V Ty

To illustrate the role of the divergence as a core technical tool, we outline some of its

fundamental properties in the sequel.

Proposition 1.2.3. If X, Y are smooth vector fields on M™ and f : M™ — R is a smooth

function, then
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(i) div(X+Y) = divX + divY;
(ii) div(fX) = fdivX + (V£ X).
Proof. Consider X and Y to be smooth vector fields defined on M™, and let {eq,...,en}
be an orthonormal frame on an open neighborhood U C M. Thus, we have
div(X+Y) = ) (Ve (X+Y) e)
i=1
=Y (Ve X+ VY, e)
i=1
= Z<V81X7 ei> + Z<v€iY7 ei)
i=1 i=1
= divX + divY,
and
div(fX) = Y (Ve (fX), e;)
i=1
=Y (eillf)X+fVeX e)
i=1
= (ei(flee, X)+ 1) (VeX e
i=1 i=1
= (Vf,X) + fdivX.
O

As a consequence of this framework, we recall the classical Divergence Theorem.

Theorem 1.2.1 (Divergence Theorem). Let M™ be a compact oriented Riemannian

manifold and X € X(M). If the boundary of M is equipped with the orientation and the

metric induced by the inclusion j : OM — M, and v denotes the outward unit normal

vector to M along OM, then

J (divX) szJ (X, v) d(dM).
M oM

The aforementioned theorem provides a key technical tool for establishing our main

results.
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Definition 1.2.4. Let f be a differentiable function on M. The Laplacian of f is the
function Af : M — R given by

Af = div(VT).
In local coordinates,
Af = div(VF) = gV, V;f.
Definition 1.2.5. Let f: M — R be a differentiable function. We define the Hessian
of T as the (1, 1)-tensor given by
(Hessf)(X) = VxVIf, X e X(M),
or as the (0,2)-tensor given by
Hess f(X,Y) = (VxVT,Y) = Vi y(f), X,Y € X(M).
In local coordinates,
Hess f(91,0;) = Vi V;f.

This proposition provides a crucial analytical tool for studying our main tensors and
fundamental equations. In particular, it shows that the Laplacian of f is simply the trace

of its Hessian.

Proposition 1.2.4. Let f: M — R be a differentiable function. In local coordinates,

the Laplacian of f is given by the trace of its Hessian matrizc
Af = gIV, V5.

Proof. It suffices to verify the equality locally at each point p € M. Let (U, x') be a local
coordinate chart around p. By the definition of the Laplacian in coordinates and the local

expression for the Hessian of a function, we have
Af(p) = div(VT)(p)
= gV (VF); (p)
= gij VIV)f(p)

Since the trace of the (0,2)-tensor V2f with respect to the metric g is precisely the
contraction g¥V;V;f, the result follows. O
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Recall that an orthonormal frame {E{,...,E,} on an open set U C M is said to be
geodesic at a point p € U if (Vg Ej)(p) =0forall 1 <1i,j <n.
Here, we define the Riemann curvature tensor, a central object in this framework that

serves as a bridge between the algebra of tensors and the behavior of differential operators.

Definition 1.2.6. Let (M™, g) be a Riemannian manifold. The Riemann curvature

tensor is the (1,3)-tensor
Rm i X(M) x X(M) x X(M) — X(M),
given by
Rm(X,Y)Z =VyVXxZ - VxVyZ+VixvZ,
for all X,Y,Z € X(M). In local coordinates,

Rin(9i,9;)0k = Riijk "™ 0m.

Furthermore, whenever necessary, we shall adopt the notation 0; = a?d'

Utilizing the metric tensor, we can interpret Ry as a (0,4)-tensor, defined by
R : X(M) x X(M) x X(M) x X(M) — C*(M),
where
R (X, Y, Z,W) = g(Rn(X,Y)Z,W).
In local coordinates, this yields
Rm (01, 05, 0k, 01) = Riji.

To better understand the structural behavior of this tensor, we record its key properties

below.

Proposition 1.2.5. The Riemann curvature tensor satisfies the following algebraic and

differential properties
(i) BRm(X,Y,W,Z) =—Rm(Y,X,W,Z) = Rm(Y, X, Z,W).

(ii) Rm(X,Y,W,Z) = Rm(W, Z,X,Y).
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(iii) First Bianchi Identity
Rm(X,Y,W,Z) + Rm(Y,W,X,Z) + Rm(W,X,Y,Z) = 0.
In local coordinates,
Rijkt + Rjkit + Ryijr = 0;
(iv) Second Bianchi Identity
(VwRm)(X,Y,Z, W) + (VyRm)(W, X, Z,U) + (VxRm)(Y,W, Z,U) = 0.
In local coordinates,

V1Rijks + VjRiiks + ViRjuis = 0.

Proof. For the proof of this theorem, we refer the reader to [11]. n

Before working with the next definitions and their properties, we must first review an

essential tool

Proposition 1.2.6. Let T be a (0,2)-tensor field and g be a Riemannian metric. Then,
the inner product of g and T satisfies

(g, T) = tr{T}.

Proof. Let {e;}]* ; be a local orthonormal frame on the manifold. Expressing the compo-
nents of the (0, 2)-tensor T with respect to this basis as T;; = T(ey, €;), we have
n
(9.T) =) 9yTy.
i,j=1
Since {e;} is an orthonormal frame, the components of the metric tensor reduce to the
Kronecker delta, gi; = 8i;. Substituting this into the summation yields
n n
<g, T) = Z 51]'_[-1)' = Z Tﬁ = trg{T}.
ij=1 i=1

Therefore, we conclude that (g, T) = tr{T}. O

Definition 1.2.7. Given two non-zero and linearly independent vectors X and Y in T,M,
we define the sectional curvature of the plane o spanned by X and Y by

Rm(X,Y,X,Y)

Kle) = KXY = SR XTg (v, V) — g (X, V)
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Note that the following definitions immediately come from the contraction of the

Riemann curvature tensor.
Definition 1.2.8. We define the Ricct curvature tensor as the (0,2)-tensor
Ric: X(M) x X(M) — C®(M),
given by the trace of the Riemann curvature tensor, i.e.,
Ric(X,Z) = tr{Y — Rm(X,Y)Z},
where X, Y, Z € X(M). In local coordinates,
Ric(9i,0%) = Rix = ¢''Riji.
Definition 1.2.9. The scalar curvature of a manifold is the function R : M — R
given by the trace of the Ricci tensor:
R = tr Ric.
In local coordinates,
R = g"*Ryy.
The results above are recorded for future reference, as they serve as core tools in our
subsequent proofs.

Proposition 1.2.7. Let (M™,g) be a Riemannian manifold. The following geometric

tdentities hold
(i) Contracted Ricci Identity
Vj Rix — ViRjk = glsleijks§
(ii) Twice-Contracted Second Bianchi Identity
g'*V;Riy = %ViR.
Proof. To prove the first item, we take the trace of the second Bianchi identity by con-
tracting it with the metric components g'*, which yields
0 = g"*ViRjixs + 9" V;Ritks + 9" ViRyjis
= 9" ViRjixs + V; (9" Riwks) — Vi (9" Rjks)
= —g"*V1Ryjks + VjRik — ViRjy.
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Therefore, isolating the divergence term, we obtain
glsleijks = VjRik - viRjk~

Furthermore, the aforementioned equation can be rewritten by rearranging the index

tracks to isolate the derivative of the Ricci tensor
ViRjx = V;Rix + glslejiks-

We now proceed to show the second item. Taking the trace of the equation obtained

in the first item by contracting it with ¢’*, we find that
Vi (¢*Rjx) = ¢"*VjRik + ¢ Vi (¢"*Rjixs) -

By substituting the definition of the scalar curvature R = g/*Rjy and contracting the

Riemann tensor in the final term, this reduces to
ViR = gjkv]'Rik + glsleis‘

Consequently, by executing a standard relabeling of the dummy indices (replacing s with

k and 1 with j in the last term), we arrive at
ViR = 29jkv]’ Rika
which completes the proof. O

Proposition 1.2.8. (Ricci Identity) Let M™ be a Riemannian manifold and f : M™ —
R a smooth function. For any vector fields X,Y,Z € X(M), the following identity holds

(VxHessf)(Y,Z) — (VyHessf)(X,Z) = (Rm(X,Y)Z, V).
In local coordinates,
ViV;Vif = V; ViV f = R Vi f.
Proof. By definition, it follows

(VxHessf)(Y,Z) = X(Hess f(Y,Z)) — Hess f(VxY, Z) — Hess f(Y, VxZ)
— X(VyVf,Z) — (Vo y VT, Z) — (VyVF, VxZ)
= (VxVyVf,Z) — (Ve Vi, Z),
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that is,

(VxHessf)(Y,Z) = (Vy,vZ, V) — (VxVvZ, VT). (1.2)
Analogously,

(VyHess f)(X,Z) = (Vy,xZ, V) — (VyVxZ, Vf). (1.3)
Thus, by subtracting (1.3) from (1.2), we obtain

(VxHessf)(Y,Z) — (VyHessf)(X,Z) = (VyVxZ —VxVyZ — Vx y1Z, VT). (1.4)
Now, from the definition of the Riemann curvature tensor, we conclude that
(VxHessf)(Y,Z) — (VyHess f)(X, Z) = (Rm(X,Y)Z, Vf).

Thus, we have proven the desired result. O

At this stage, we establish the foundational tensor definitions and their respective
expressions in local coordinates that will be utilized throughout this dissertation. For a
Riemannian manifold of dimension n > 4, the local components of the Weyl curvature
tensor, denoted by Wijy, are defined via the algebraic decomposition of the Riemann

curvature tensor as follows

Rijkt = Wijikt + (Ric ® g)iji1 —

1
(m—2) _2)(9@9)ijk1, (1.5)

where Ryjx; are the components of the Riemann tensor, Ric are the components of the

2(n—1)(n

Ricci tensor, and gy; represents the Riemannian metric.
Explicitly, for any two symmetric (0, 2)-tensors with local components S;; and Tij,

their Kulkarni-Nomizu product components (S ® T)iji1 are given by
(S® TMijrr = (ST + SjiTax — S Tje — SjicTa) -

Furthermore, the orthogonal decomposition of the Riemann curvature tensor could be

expressed as
Rijit = Wijia + (A © g)iji, (1.6)

where Ayj denotes the components of the Schouten tensor, defined by

1 R
Aij = m (Rij — mgi]‘) . (17)
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Consequently, equation (1.6) can be rewritten as

1 .
Rijrr = Wijia + E(RlC © g)ijk1 — m—1)(n—2) (g © g)ijr
1
= Wij + m (Rikgjt + Rj1gix — Ritgjk — Rjkgir)
_ R (9ixGit — irgi) (1.8)

Connecting the idea
Proposition 1.2.9. The Weyl tensor satisfies the following properties
(i) W is trace-free;
(ii) Wikt = Wikt = Wijik;
(iii) The tensor W satisfies the first Bianchi identity, that is,

Wik + Wikt + Wi = 0. (1.9)

Proof. To prove item (i), we compute the trace of the Weyl tensor with respect to the

indices 1 and k by contracting with the inverse metric gt*

. . 1 .
glkWijkl = glkRijkl - mglk (Rikgjl + legik - Rugjk - Rjkgu)

+ R ik( K Gil — GiLgik)
(n—l)(n—2)g glkg)l gllg)k :

Recalling the standard contractions g**Rijx1 = Rj1, ¢"*Rix = R, g**gix = n, g**Riy = RY,

and g**gi; = 8, we can substitute these relations directly

. 1
9" Wiji = Rj1 — n_29 (Rgji + nRj1 — Ryt — Rj1)

R
+ 2n—1)(n—2) o o)
= Rj1 — 5 (Rgji + (n —2)R) + (n— UR(n_ 2

)(n_l)gjl

R
git — Rju + ——=7951-

R
=R n—2)

2
Combining the remaining metric scalar terms yields

) 1 1
ik
Wi = (1 — Ry + (— Rgi = 0.
g ikt = ( ) ;1+( n—2+n—2> g1 =0
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Analogously, contracting over any other pair of indices demonstrates that the Weyl tensor
is completely trace-free.

For item (ii), using the relation Rijii = Wijii + (A © g)ijk1, we observe that
Wijkt = Rijir — (A © g)ijr
= _Rjikl - (Aikgjl + Ajlgik - Augjk - Ajkgu)
= —Rjikt + Ajgir + Autgix — Ajigik — Aix it
= —(Rjixt — (A ® 9)jixt)
= —Wjin.
Similarly, for the second symmetry relation
—Wjikl = _(Rjikl —(AO® g)jikl)
= —Rjua + Ajgut + Augix — Ajgik — Aikgit
= Rjilk - (Ajlgik + Aikgjl - Ajkgil - Augjk)
= Rjitk — (A © g)jux
= Wi,
which completes the proof of item (ii).

Substituting the orthogonal decomposition equation into the algebraic first Bianchi

identity for the Riemann tensor yields
0 = Rijir + Rjkir + Ryijn
= (Wit + (A © 9)ijir) + (Wikir + (A © 9)jkit) + (Waijt + (A © 9liijt)-
Rearranging the terms to isolate the Weyl tensor components, we obtain

Wikt + Wikt + Wit = —(A © g)ijir — (A © g)jrit — (A © g)iijt
= (Aikgjl + Ajlgik - Ailgjk - Ajkgil)
— (Ajigx1 + A gii — AjLgki — Akigil)
— (A9u + Ay — Axigy — Agi)
=0,
where all terms cancel out identically due to the pairwise symmetry of the Riemannian

metric (gi; = gji) and the Schouten tensor (Ai; = Aji). This concludes the proof of item
(ii). O
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We say that a Riemannian metric is Bach-flat when its Bach tensor vanishes identically,

that iS7 Bij =0.

Definition 1.2.10. On a Riemannian manifold (M™, g) with dimension n > 3, the

Cotton tensor is the (0, 3)-tensor whose local components Ci;x are defined by
Cijk = ViAj — VA

= ViRjx — VR — n_1) ((ViR)gjx — (V5R) gix) - (1.10)

Having defined the Cotton tensor, we can now establish an important relationship

between it and the Weyl tensor as follows

Proposition 1.2.10. For a Riemannian manifold of dimension n > 4, the Cotton tensor
components Cyjic can be expressed, up to a constant factor, as the divergence of the Weyl

tensor

Cijk = _TL;Vlwijkb (111)

Proof. To prove this proposition, consider the Riemann decomposition

1
Rijrr = Wiji + —" (Rikgjt + Rj1gik — Ritgjk — Rjxgir)
R
Mm—1)(n—2)

(91k9j1 - gilgjk) .

Next, taking the trace by contractig with V, and using the results from Proposition 1.2.7,
it follows that

1
V;Rix — ViRjx = ViWij + n_>o (V5Rix — ViRji) + (ViRgik — ViRgjx)

1
- DMn-2)

2(n—2)

(ijgik - Vijok) .

Putting similar terms together yields

1
ViWija = (1 — —) (VjRik — ViRji)
n—2
(L = (V;Rgix — ViRgsy)
on—2) (n—1m—gz) ) ok Virtdik
n—3
l— (ViRjk — VjRix) — =1 (ViRgjx — V;iRgix)
n—3
= ———Cijr.
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and finally, we get

n—2
Cijk = —mV1Wijk1,

as desired. O

Furthermore, the Cotton tensor satisfies these identities.

Proposition 1.2.11 (Properties of the Cotton tensor). The Cotton tensor satisfies the

following geometric properties

(i) The Cotton tensor is skew-symmetric in its first two indices, that is,
Cijk = — Gjuxs (1.12)
(ii) The Cotton tensor is totally trace-free, meaning that
g7 Ciji = g"*Cijk = g*Ciji = 0. (1.13)
Proof. To prove item (i), we apply the definition of the Cotton tensor

Cijk = (N —2) (ViAj — VAL
=—(n—2) (VjAu — ViAj)
— _Cjik7

which establishes the requested skew-symmetry.

To prove item (ii), we utilize the relation established in equation (1.11)

.. n—?2 ..
gy Cijk — _n__gvl (g”Wijkl) =0,

which vanishes identically because the Weyl tensor is trace-free on its first two indices
(99 Wijia = 0).

Similarly, contracting the metric across the remaining index tracks yields
. n—2 .
g™ Ciji = _n—_gvl (9™ W) =0,

which vanishes because the Weyl tensor is trace-free on its first and third indices (gikWﬁkl =

0). O

Definition 1.2.11. A Riemannian manifold (M™, g) has a harmonic Weyl tensor if the

Cotton tensor vanishes.
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1.3 Einstein Manifold

In this section, we discuss some concepts and results about Einstein manifolds.

Definition 1.3.1. A Riemannian manifold (M™, g) is called an Einstein manifold if its

Ricci tensor is a multiple of the metric g, that is,
Ric(X,Y) =Ag(X,Y)
for all X, Y € X(M), where A\: M — R is a smooth function. In local coordinates, this
condition is expressed as
Rij = Agyj- (1.14)
Remark 2. Note that by taking the trace of equation (1.14), it follows that R = An,

which implies A = %. Consequently, M is an Einstein manifold if and only if

R
Ric = —g.
ic=—g

Observe that if a (M™, g) be a connected Einstein manifold of dimension n > 3, then A
is constant. Indeed, since the manifold is Einstein, we have Ry = Agix and, consequently,
R = An. Thus, applying the twice-contracted second Bianchi identity, we obtain

nViA = ViR = 2gjij Rix
= 2V*Rix
= 2Vk(7\91k)
= 2ViA,

which implies

Since n > 3, it follows that ViA = 0. Given that the manifold M is connected, we

conclude that A is constant.

Definition 1.3.2. On a Riemannian manifold (M™,g), (n > 4), the Bach tensor is

the symmetric (0,2)-tensor whose local components By are defined by

1 1
Bij = ——= Vi ViWiy RiaWikjt, 1.15
i = 3 ViViWagL + —RaWikg, (1.15)

where ViV denotes the second covariant derivative operator with raised indices.
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The following remark establishes a key identity that will be utilized in the proof of
Theorem 4.1.1

Remark 3. Using the previous result we could rewrite the Bach tensor as being

1
T h_3 n_2Rk1Wikj1

Rt Wit

n—2

= m (chkij + Rklwikjl) .

1.4 Warped Product

We now present the core concepts and properties of warped products that constitute
the mathematical foundation for our main theorems.

Let M; and My be Riemannian manifolds. The product manifold structure on M; x
M ensures that the canonical projections 7tpm, : My X My — M and 1, : My X My —

M, are smooth functions. The usual product metric on M; x M, is given by

<'7 > = 7-[;/[1“'7 >M1) +ﬂh2(<'7 >M2)

We now define a new Riemannian metric, which will be utilized throughout this work.
Let (My, (-,-)m,) and (May, (-,-)m,) be Riemannian manifolds, and let f : M; — R be
a positive smooth function on M;. On the product manifold M; x M,, the warped

product metric is defined by
<.’ > - 7[7\/11(<" >M1) + (f © WMI)QW}‘;/[Q(<‘7 >M2) (116)

Explicitly, since the tangent space splits as T(p q)(My X My) = T,M; @ TqM,, given
vectors U = (Unm,, Um,) and v = (Vam,,Vm,) in Tp o) (My X My), equation (1.16) can be

evaluated pointwise as
<LL,V> = <uM1va1>M1 + f(p)2<uM27VM2>M2'

To prove that (1.16) indeed defines a Riemannian metric on M; x My, it suffices to verify

the following properties
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(i) Since (-,-); and (-, )2 are bilinear,

M +w,v) = Ay +wi, v+ F(p)2(Aug +wa, va)o
= AMuyg,vi) + (Wi, vi)1 + f(‘p)27\(u2,v2)2 + f('P)2<W2,V2>2

=Au,v) + (w,v).

(ii) Since (-,-); and (-, )2 are symmetric, we have

(w,v) = (u,vi)1 + f(p)*(ug, va)s
= (vi,up)1 + f(p)?(va, u2)2

= (v,u).

(iii) Finally, in the case where (-,-); and (-,-)2 are Riemannian metrics (that is, they

satisfy the positive-definiteness property), we have
(w,u) = (wg,ug)1 + F(p)*(uz, uz)y > 0
and

(uwu) =0 <= wy=0and uy =0 <= u=0.

We will write M = M; x ¢ M, to denote the product manifold M; x M, endowed with
the metric (1.16), and in this case, we will say that M; x¢ My is the warped product
of M; by My with the warping function f. The manifold M, is called the base and
M, is called the fiber of the warped product My x¢ M.

The submanifolds M; x {q} are called leaves, and {p} x M, are the fibers (or, as we
will see in the subsequent chapters, the slices). The following facts hold, the proofs of

which follow immediately from the definition

(i) For each q € My, the restriction 7|, x{q) is an isometry onto My;

(ii) For each p € My, the restriction 7lipyxm, is a positive homothety onto My, that

is, the metric on {p} x My is f(p)2(-,)s, with a scale factor of %p);
(iii) For each (p, q) € M X My, the leaf M; x {q} and the slice {p} x My are orthogonal

at (p,q).
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We call the tangent vectors to the leaves horizontal and the tangent vectors to the fibers
vertical. We are especially interested in computing the Levi-Civita connection V and the
curvature tensor R of a warped product M; x¢ My from the knowledge of the connections
V1! and V2 of M; and M., respectively.

First, we will compute the connection V of M. Let us recall the Koszul formula
1
(VxY,Z) = §{X<Y, Z)+Y(X, Z)—Z{X,Y)+ (X, Z], Y) +([Y, Z],X)—([X,Y],Z>}. (1.17)

We will use the decomposition X = X; 4+ X3 of a vector field X € X(M) as a sum
of vector fields tangent to M; and M, respectively. In the propositions and corollaries
below, this decomposition will play a fundamental role.

Notice that

X(Y,Z) = (X1 + Xa) (Y1, Z1)1 + £2(Ya, Z,)5)
=Xy (Y1,Z1)1 + X, [f?] (Yo, Zs)o + f2X2<Y2, Zy)s, (1.18)

where X;[f?] denotes the directional derivative of f? in the direction of X; (note that f
does not depend on the second coordinate). Furthermore, by the properties of the Lie
bracket, we have
(X, Z1,Y) = (X1, Z1], Y1)1 + F2([Xa, Zs], Yo)s. (1.19)
Therefore, applying analogous formulas to those in (1.18) and (1.19) for Y(X, Z),
Z(X,Y), (Y, Z],X), and ([X, Y], Z), and substituting them into (1.17), we obtain

(VXY,Z) = (Vi Y1, Zi)1 + £2(Vx, Yo, Zs)s
+ (X1, V)1 (Yo, Zo)o + (Y1, V)1 (Xa, Zo)o — £(Z1, V' )1 (X2, Ya)o
= <V%<1Y1 —f(Xg, Yo)o V', Z1)

X;, Vi Y, Vif
+f2<V§<QY2+< ! r >1Y2+< ! ; >1X2722> :
2

Consequently, since Z is arbitrary, we can conclude from the expression above that

X Lf Y., Vit
< lafv >1Y2+< laf >1

VxY = Vi, Y1 — f(Xa, Yo)o VI + V5 Yo + Xy. (1.20)

The following proposition outlines the behavior of the Levi-Civita connection within

the framework of the warped product manifold M; x¢ Ms.

Proposition 1.4.1. Let X;,Y; € X(M;) and Xo,Ys € X(My). Let V, VY, and V? be the
Levi-Civita connections of My X¢ Mg, My, and My, respectively. Then
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(1) Vlel - V%(IYI-

(i) Vx,Xo = Vi, X = 20X,

(111) VX2Y2 - V§<2Y2 - f<X2, Y2>2V1f.

We now proceed to compute the Riemann curvature tensor R of M; x¢ My in terms of
the curvature tensors R; and Ry of My and M,, respectively. As previously established,

we shall adopt the following convention for the Riemann curvature tensor
R(X,Y)Z =VyVxZ - VxVyZ -V xvZ. (1.21)

Where [-, -] denotes the Lie bracket and X,Y,Z € X(X).
The properties of the Riemann curvature tensor on M; x¢ My outlined below will be

crucial for our subsequent results.

Proposition 1.4.2. Let X1,Y1,Z; € X(M;) and Xy, Y9, Zy € X(My). Let V, VY, V? and
R, RY, R? be the Levi-Civita connections and Riemann curvature tensors of My x¢Msy, My,

and My, respectively. Then
(1) R(Xl,Yl)Zl - Rl(Xl,Yl)Zl
(ii) R(Xq,Y1)Z2 =0

(i) R(X1,Yz)Z, = — e fXutily,

(iv) R(X1,Ya)Zy = (Yy, Zo)o Vi, (V') = Y2220yL (V'f),

(v) R(Xa,Y2)Z; = 0.

(vi) R(Xa,Y2)Zs = R*(Xa, Y2)Zy — (V', V)1 {(Xa, Z2)o Yo — (Y2, Z5)2Xs },
where Hess; f denotes the Hessian of f with respect to the metric (-, -);.

Proof. We compute each item directly using the geometric identities established in Propo-
sition 1.4.1. Throughout the proof, recall that [X;,Xs] = 0 for any horizontal field
X1 € X(M;) and vertical field Xy € X(M,).
(i) It follows immediately by Proposition 1.4.1 (i)
R(X1,Y1)Z1 = Vv, Vx,Z1 = Vx, Vv, Z1 = Vix, vi1Z1
=V, Vx,Z1 — VX, Vv, Z1 = Vix, v, Z1
= Rl(xh Y1)Z;.
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(ii) By the Proposition 1.4.1 (ii), yields

R(X17 Yl)Z2 - VY1VX1Z2 - vxlele - V[Xl,YﬂZQ

1 1 1
_ VY1 <<X17fv f>122) _le (<Y17Y f>122> o <[X17Y1{]:7v f>1Z2

X;, Vi
_ ; LY (Q) Z,
o <Y1a v1f>1 <X17 vlf>1 Z2 . )(1 <Y17 V1f>1 Z2
f f f
(V§<1Y1 — V#le, Vi),

- 2

f
(f(Vllel, V)1 A+ (Xo, Vi, V) — (Y, V) (X, V1f>1) .
- 2

<X1? v1f>1 <Y17 v1f>1

f2
(f<v;<lvl, V) 4 (Y1, Vi V) — (Xp, V) (Y, v1f>1> ,
- 2

£2
(VY1 — Vi Xy, V),
_ - Z
(HGSSI f) (Xl, Y1) 7 (HGSSI f) (Xl, Y1)

9 —

f f

22:0.

(iii) Since [Xj,Ys] = 0, the definition simplifies to

R(Xla YZ)Zl - Vngxlzl - vxlegzl - V[Xl,YQ}Zl

Z,, Vi
= VYQ(v§<1zl) — Vx, (<1—f>1y2)

_ <v%(121, V1f>1Y2 . X1 (<Zl,vlf>1) Y2 . <Z1, V1f>1 <X1, v1f>1

Y,.
f f f f 2

But note that
(Z,, V'), (V3 Z1, Vi) + (20, Vi V) (X1, VH)1(Z, V),
X[ ———— Yy, = Yy —

f f2 f2 Ya.

Therefore, performing the cancellations, we obtain

(HGSSI ) (X1, Z1)
f

R(X1,Y2)Zy = — Y.

(iv) Using the connection properties for mixed and vertical fields, we expand the expres-

sion as

R(X1,Y2)Zy = Vv, Vx,Zo — Vx, Vv, Zo — Vix, vy L2

Xy, VI
= VYQ <<1—f,>122) - VX1 (V%@Zg - f<Y2, ZQ>2v1f>
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X 11: X, VIf
<1,7 “V Z2 £(Ys, Z2>2vlf Y, <<1’—f>1) /o
Xy, VI Vf+ Z£5)2Vx, V
%V%@Zﬁ' (X1, VI)1(Yo, Z3)2 V' + (Yo, Zo)s %<1 f

- f<Y2, ZQ>2V%(1V1f.
(v) Applying the mixed connection formulas to each term, we have

R(X27 Y2)Zl = VYQVXQZl - VXQVYQZI - V[XQ,YQ}Zl

7, V'f Z,,V'f Z,,V'f
= Vy, <<1—f>1)(2) — Vx, (%Yz) + <1—f>1[x2,y2]

Z,,Vif), Z,, V'f
_ %v Xo — F(Ya, Xo)a V' + Y,y <<1—f>1> X,
Z,,V'f Z,,V'f
— %vim — (X, Yo)o VI + X (<1—f>1> \2
Z,,V'f
< 1’? >1V§<2Y2 — V2 X =0.

(vi) Substituting the vertical connection formulas into the definition, we get

R(Xa, Y2)Zs = Vv, Vxo,Zs — Vx, Vv, Zo — Vixy. va1 Z2
— Uy, (v§<2z2 (X, zg>2v1f) ~Vx, (V2Y222 —f{Ya, z2>2v1f)
+ Vix, vy Z2 — £([Xa, Yal, Z3), V'
= R*(X2, Y2)Zy — (Yo, VX, Z)o V' + £(Xo, VY, Z5)o V'

Vi Vi

(X, zm%n _ f(<v$2x2, Zo)s + (Xo, V3222>2)V1f
Vi Vi

+ f(YQ, Z2>2QX2 + f<<V§<QY2, Zz>2 + <Y2, V§(2ZQ>2> Vlf

— f(V%, Yo — V3, X2, Z5), V'
= R2(X27Y2)ZQ —(V, V), <<X27 Z5)5Ys — (Yo, Z2>2X2>

Vif, Vif
= R, Ya)Zo — VI (0, 20, — (0, 220%).
which completes the proof of the proposition. O

As an immediate consequence of the previous identities, we obtain the following rela-

tions for the components of the Ricci tensor.

Proposition 1.4.3. In the warped product My x¢ My with dim(My) = m > 1, let
X1,Yr € X(M1) and X5,Ys € X(My). If Ric, Ricy, and Ricy denote the Ricci tensors of
M Xt My, My, and My, respectively, then
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(i) Ric(X1,Y:1) = Ric'(Xy,Yy) — 2 (Hess' £)(X;,Y),

(ii) Ric(Xi,Ys) =0,

(111) RiC(Xg,YQ) RlC (XQ,YQ) (X2, Y2 2A f+ m= 1<V1f V1f>1(X2,Y2)2,
where Af and Vf denote the Laplacian and the gradient of £ on My, respectively.

Proof. Let n = dim(M;) and m = dim(M,). Let {Ei}i-; U{F;}%; be an orthonormal
frame on an open subset of M; x¢ My such that the fields {E;} are tangent to M; and
{F;} are tangent to M.

(i) For the purely horizontal component, we compute Ric(X;,Y;) by decomposing the

trace into its base and fiber directions

M=

m
Ric(X1, Y1) = D (R(X1, E)Y1, Ei) + ) (R(Xy, F)Yy, Fy)
j=1

1

o
I

I
.I\/I:’

,i
I
_

m
1
(R'(Xq, Eq) Yy, g 1+§ < fHess (X1>Y1)Fj,Fj>
j=1

I\’ls

RiCl(Xl,Yl)— (HGSS f Xl,Yl

| =

J=1

= RiCl(Xl, Yl) - (Hessl f)(Xl, Yl) -m

| =

= RiCl(Xl, Yl) — (Hessl f)(Xl, Yl)

-| 3

(ii) For the mixed terms where X; € X(M;) and Y, € X(M,), evaluating the trace of the

curvature tensor yields

n

m
Ric(X1,Ya) = ) (R(X1,Ei)Ya, Ei) + ) (R(X1, )Y, Fy)
j=1

i=1

m
1
=0+ Z <¥<Fj,YQ>v§<1v1f, Fj>

j=1

(F;, Y2) - (Vy, V', Fy)

I
==
.I\/]3

1

-
Il

(Fj,Y2) - 0

I
= | =
.I\/]3

1

-
Il
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(iii) By a similar application of our previous results, it follows that

I\/]:

Ric(Xa, Y2) = ) (R(X2, E)Ya, i) + ) (R(Xa, Fy)Ya, Fy)
j=1

(-

1

i

—hllr—*

I
hgE

(Xa, Yo) VE V', Eq >

i

M3

VI, Vf
+ < (Xa, F _VEVEh

4R Yo — (6, el )

= X ivlvm ing, F;) Y, Fj)

(V, V')
-
j=1
f2<X2,Y2>2

= —fAlf + Ric*(X2, Ys)

(VIf, V)
AL

—f<X2, Y2>2A1f —+ RiCQ(Xg, YQ) —

o~ =

[(Fj, Ya) (X2, Fj) — (X2, Yo) (Fj, Fj)]

[f2<X27 Y2>2 — <X2, Y2> . m]

(Vf, V'),

T
1 1

— RiCQ(XQ, YQ) — f<X27 Y2>2A1f - W

Xa, Y —1
(Xa, 2>A1f+m2 (Y, V)1 (Xo, Ya).

[f2 <X2, Y2>2 — mf2 <X27 Y2>2]

. f2<X2, Y2>2(]_ — m)

= Ricy(Xa, Ys) —

]

The following result is key to unifying the geometric concepts that link the intrinsic

curvature of the factor manifolds to the global warped structure.

Corollary 1.4.1. The warped product My X My, with dim(My) = m > 1, is Einstein
with Ric = Ag if and only if

(i) Ric' (X1, Y1) =Ag1(X1, Y1) + %(Hessl ) (X1, Y1),
(ii) (Mg, g2) is Einstein with Ric*(Xa, Ys) = 1ga(Xa, Ya),

for all X1,Y; € X(M1) and Xz,Ys € X(M,).
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Examples and Properties

This chapter is dedicated to the study of quasi-Einstein manifolds, focusing on their
fundamental properties and exploring concrete examples that illustrate their structural

and geometric behavior.

2.1 Quasi-Einstein manifolds

To properly contextualize these examples, we must first introduce the notion and basic

structural features of quasi-Einstein manifolds.

Definition 2.1.1. A complete Riemannian manifold (M™, g), n > 2, possibly with bound-
ary, is called an m-quasi-Einstein manifold, or simply a quasi-Einstein manifold, if there

exists a smooth potential function w on M satisfying the fundamental equation

Hessu = E(

Ric—Ag), (1.5)
for some constants A and m. Moreover, uw > 0 in int(M), and w = 0 on OM. Here,

Hessu and Ric denote the Hessian of w and the Ricci curvature of M, respectively.

The study of these metrics is intrinsically connected to the geometry of Einstein warped
products. Indeed, the Corollary 1.4.1 allow us to conclude that when m is a positive inte-
ger, a quasi-Einstein metric is precisely the base metric of an (n+m)-dimensional Einstein
warped product space. More specifically, the warped product (M x F™, g+ e m gr) is an
Einstein manifold with Einstein constant A, where (F™, g¢) is an m-dimensional Einstein

manifold. Furthermore, under the substitution u = e*%, a straightforward computation

28
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yields the localized quasi-Einstein equation (1). In fact , by calculating the derivatives of
u

1
Viw=——e "Vt = —%ij.

A second covariant differentiation yields the components of the Hessian tensor. Applying

the product rule, yields

ViViu =V, (—%Vﬁ)

1
= ——(Vlu)V]f — Evlv)f
m m

- —nil (—%Vﬁ) Vit — %vivjf

— Vi Vif— =V Vjf.
m m

We now equate this expression with the right-hand side of the structural condition
(2.1.1)

u u u
—aviv]'f + Fvifv]'f = Tl_l(Rij — )\91])

Since u > 0 on the interior of M, we can divide the entire identity by -, which gives
1
—viv)'f + aviva’f = Rij — 7\91;’-

Rearranging the terms immediately produces the m-Bakry-Emery Ricci identity in local

coordinates

1
Ry + ViVif — —VifVif = Agy;. (2.1)

This analysis directly extends the study and results found in [16].
Below, we present the foundational examples of quasi-Einstein manifolds that appear

in the literature.

2.2 Standard hemisphere

This example provides a concrete verification of the standard hemisphere, establishing

its classification as a compact m-quasi-Einstein manifold.

Example 1. Consider the standard hemisphere ST equipped with the metric

g = dr’ +sin’rggn 1,
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and the potential function u(r) = cosr, for v < 1/2. Setting A = m+n —1 for an
arbitrary finite constant m, ST becomes a compact, oriented m-quasi-Einstein manifold
with boundary S™1. This is verified by noting that w = cos(7t/2) = 0, along the boundary
and u > 0 throughout the interior.

Using the identity ViV;T = sinTcosT (gsn-1)ij, the Hessian of the potential function

expands via the chain rule as follows
ViVju = —cosr dr? —sinr ViVjr
= —cosTdr’ —sin®rcos T (ggn-1)i;
= —CoST (dr2 +sin®r (ggnfl)i]’)
= —ugyj.

In parallel, since the round metric satisfies Ry; = (n — 1)gyj, substitution into the

structural expression gives

%(Ri]’ —Agyj) = %((n— gy — (m+n—1)gy)
:E(_mg..)
m Y

= —ugsj.

Comparing both results yields ViVju = 2-(Ry; — Agyj), establishing that it constitutes a

quasi- Einstein manifold.

2.3 Cylinder

Another classic example of an quasi-Einstein manifold is the Riemannian cylinder,

which we verify below.

Example 2. Let A > 0 be a real constant and consider the manifold M =1 x S™1 over

the interval I = [O, \/—TT[] . We equip M with the product Riemannian metric

n
g = dt2 + }\ gSnfl

and define the potential function by u(t) = sin (%t) Under this choice of data, M

becomes a compact, oriented m-quasi-FEinstein manifold with a disconnected boundary

consisting of two disjoint copies of the sphere

_ n—1 @ } nl)_
oM = ({0} x S )U({\/Xrt xS = 0M; UdM,.
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To verify the boundary behavior, we notice that w = sin(0) = 0 on 0My, while u =
sin(7t) = 0 on O0My, ensuring that w = 0 identically on OM. Furthermore, w > 0 holds
throughout the interior int(M).

To check the structural equation in index notation, we recall that the slice metric
has a constant warping factor in t. Consequently, the Hessian of the distance coordinate

vanishes identically, ViVt = 0. Applying the standard chain rule to the potential function

Viu =V; <sin (%t))

AL ()
—\/ﬁcos<mt> Vit,

and then, the Hessian components V;Viu expand as

R L A
ViVJ—u—VI <\/11_1 <Nt> v)t>

—ﬁcos ﬁ i Vj —Asin
(e R
A

=0——udt
m

A
= ——udt®.
m

u(t) yields

t) dt?

ElE

In parallel, we evaluate the right-hand side of the structural profile. Since the ambient
space s a direct product, the Ricci tensor has no radial components and is determined
entirely by the spherical factor Ry; = (n — 2)(ggn-1)i5. Decomposing the full metric as

gij = dt? + 252(ggn1)yj, we compute

% (Ryj —Agyy) = % (M —2)(gsn-1)i5 — A (dt2 + n—_z(gsnl)ii)}

A
B % [(n —2)(gsn-1)y —Adt* — (1 —2)(gsn-1)y]
AT
= — (—Adt?)
= —Audt2.
m

Comparing both explicit expansions, we find ViVsu = =(Ry — Agyj), completing the

verification.
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2.4 Product of spheres

We conclude the examples by turning our attention to product spheres. As a prereq-
uisite for this construction, it is crucial to analyze how the curvature tensor and the Ricci
tensor behave under a general doubly warped product configuration.

To compute the Riemann curvature profile of the general doubly warped product

metric

g = dr’ + $(r)gsr + W(r)*gsa
on M =1x SP x §9, we construct an adapted orthonormal frame. Let {E;,... E,} be a
local orthonormal frame on the standard unit sphere (SP, gsp), and let {Epi1,..., Epiql

be a local orthonormal frame on (S9, gsq). Together, they form an orthonormal basis for
the product manifold (SP x S9, gsr + gsa).
Recalling these vectors to account for the warping functions, we define our local am-

bient orthonormal frame {Fy, Fy,...,Fp4q} on (M, g) by
1 1
— _—
d(r) Y(r)
Using the fact that 0, commutes with the coordinate vector fields of the fibers, the

Fo=0,, k= (1<i’<p)7 Fo = Ex (P+1<“<P+q)-

only non-vanishing Lie brackets involving the radial direction are

[F07 Fl] - |:ar7 lF—l:|

o
—0, (¢ Ei + %[ar,m
_ —%Ei o
L
and /
[Fo.Fol = —%Fa

By evaluating Koszul’s formula

we find the non-zero covariant derivatives involving the radial frame vector field

Vifo= OF VeFo = o,
1 e ' 1 ’
VFiFj - $(V%1E)) — %613‘]:0, VF(XF[S = E(VIS:—ZEﬁ) — %6043]:0-
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Crucially, because the spheres form a direct product topology, the mixed Lie brackets

vanish ([Ei, Eq] = 0), which implies the complete decoupling of the fiber connections
ViFa=0, Vi F=0 forall<i<p<a<p+aq.

Using the standard algebraic definition of the curvature SR(FA/AFg) = g(R(Fa,Fg)Fg,Fa),
we compute the components block-by-block.

Evaluating the curvature tensor yields

R(Fo, Fi)Fi = Vi, Vi Fi — Vi Vi Fi — Vi raFi

e () - (4) (37

I/ N2 AV "
(S @ ey
Taking the inner product with Fy gives the standard radial sectional curvatures
12 12
(o AF) =2 1 <icp), AR =2 pricacprq.

¢(r) W(r)
For two distinct vectors tangent to the same spherical factor, the intrinsic round

curvature of the fibers interacts with the radial acceleration. For the SP factor

1 (¢')?
R(FAR) = 5% (EAE) - d(;—Q.
Since the standard sphere has constant sectional curvature $Rgp = 1, we obtain
1— / 2
AR = =L a<icicp), R AR
1—(Y'(r))?
=——— (p+1<a<pP<<p+q)
ANESE P P<p+q

Finally, we compute the curvature of planes spanned by one vector from each fiber.

Because V§ Fy = 0, the curvature expression simplifies dramatically

R(Fi; Foc)Foc - vFivFaF(x - VF‘XVFiF(x - V[F-“F“}Fa
/
v, (-‘l’_a]) —0-0

P
/ / Iy
Taking the inner product with F; reveals the cross-fiber sectional curvature
¢ (r)p’(r)

R(F; ANFy) = — forl<i<pandp+1<a<<p+q.

G (T (r)
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The components of the Ricci tensor are obtained by taking the trace of the Riemann
curvature tensor over the adapted orthonormal frame fields, Ric(FA) = ) ¢ A R(Fa, Fe, Fg, Fa).
Tracing the sectional curvatures over the p vectors of the first fiber and the q vectors

of the second fiber yields

P p+q
Ric(Fo) = > R(Fo,Fi, Fi,Fo)+ Y M(Fo, Fa, Fa, Fo)
i=1 oa=p+1

+(5)o(3)

Factoring out the operators gives the structural radial profile

For a vector field F; tangent to the first spherical factor SP, the trace involves the
radial direction, the remaining p —1 directions within the same fiber, and all q directions

from the second fiber

P p+q
Ric(Fy) = R(Fi, Fo,Fo, Fi) + > R(F, F,F F)+ > R(Fi, Fa, Fo Fi)

jA oa=p+1

¢ 1—@%) (@%5

=—2— — 1) — — :
o T )( o2 ) I\ ow
Combining these terms structurally yields
. ¢ 1— () <1>’1l)’)
Ric(F;) = [ ——— —1 — Fi.
ie(F) ( A

By symmetry, tracing for a vector field F, tangent to the second spherical factor S9
over the radial direction, the p directions of the first fiber, and the remaining q — 1

directions of its own fiber gives

p p+q
Ric(Fa) = R(Fa, Fo, Fo, Fa) + > M(Fa, Fi, Fi,Fo) + ) R(Fa, Fg, Fp, Fa)
i=1 B#o

w0 (1)
= w“”( w)”q ”( e )

Rearranging the terms to match the standard conventions yields

" _ 2 AN
V=) M)Fw

" RN ST

Consequently, because any arbitrary plane section o in M can be decomposed into

Ric(Fy) = (

components spanning these basic frame directions, all sectional curvatures on the doubly

warped product are bounded as combinations of the five fundamental geometric profiles
{_d)_” - (@) 1 () _cb’ll)’}
L U L
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With these general curvature profiles in hand, we can now turn our attention directly

to the case of product spheres.

Example 3. Consider the product manifold M = SE’LH x S9 equipped with the doubly

warped product metric

—1
g= dT'Z + SinQT'gSp + (‘;_’_ m> Osa,

where v < 1/2 is the radial distance function on the hemisphere factor SE’FH. We choose
the potential function u(r) = cost and set A = p +m. Under this setting, M becomes
a compact, oriented m-quasi-FEinstein manifold with boundary, since w = cos(m/2) = 0
along OM and w > 0 on the interior.

Let {Fo,Fi1, ..., Fpiq} be the adapted local orthonormal frame where Fy = 0., F;y (1 <
i1 < p) are tangent to SP, and Fy (p+1 < a« < p+q) are tangent to S9. Using the identity
ViVjr = sinrcostgse, the Hessian of the potential function expands via the chain rule

as follows

ViVju = —cosr dr’ —sinr ViVjr
= —cosTdr’ —sin®rcosT gsp
= —cos1 (dr® + sin® r ggp )
= —u(dr?® +sin’rggp).
Fuvaluating this geometric structure along the distinct frame fields yields
Vi, Vi, u = —udr? = —u g(Fo, Fo),
Vi Vi u = —usin’rgg (Fi, Fi) = —ug(Fi, i),
Ve, VEu=0.
On the other hand, we can evaluate the Ricci tensor by utilizing the general component
formulas derived at the beginning of this section. Substituting our specific warping profiles

$(r) = sinr and the constant scale \p(r) = /3=~ —which imply ¢" = —sin(r) and

p+m
V' =v” =0, we obtain

. —sinT
Ric(Fo, Fo) = —P(-Si) —q(0) =p =p g(Fo, Fo),
sSin T
) —sinT 1 —cos?r
Ric(Fi, F;) = —(.—) +p—1)————q0) =1+ (p—1) =pg(F, F),
sSin T SiIntr

. 1—0 —1

Ric(Fa, Fo) = —0+ (q — 1) —p(0) =92 — (p £ m) g(Fu, Fa).

1|)2 11,2 -
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Substituting these frame evaluations into the structural tensor profile = (Ri — Agyj)

with A =p + m along each direction reveals

%(Rij —Agij) (Fo. Fo) = —(p — (p + m)) g(Fo, Fo) = —ug(Fo, Fo),

%(Rﬁ —Agy) (Fi,F) = —(p— (p+m))g(Fi,F) = —ug(Fi, Fy),

((p+m)—(p+m))g(Fa,Fa) = 0.

Fle3|eF]e

u
E(Rij —Agyj) (Fa, Fo) =

Comparing the directional evaluations for both fields confirms that ViViu = —(Ry; —

Agi;j) holds identically on all frame fields, validating the structural framework.

Having concluded the analysis of our primary examples, we turn our attention to the
foundational properties governing quasi-Einstein manifolds. In what follows, we establish

the core concepts and structural identities necessary to complete this chapter.

2.5 Concepts and properties

As a practical tool for our calculations, the D-tensor defined below helps us establish

connections among some of our findings.

Definition 2.5.1. Let (M™, g, f) be a quasi-Einstein manifold , the D-tensor is a (0, 3)-

tensor field, defined, in local coordinates, by

1
Dijx = m—1)n—2) (RuVifgijx — RjnVifgix)
1
R
_ Fgie — Vifgue) . 2.2

The following results detail the structural identities and symmetry profiles necessary

to map the geometric behavior of the D-tensor.

Proposition 2.5.1. The D-tensor satisfies two primary geometric properties regarding

1ts components

(i) The D-tensor is skew-symmetric with respect to its first two indices

Dijk = _Djik; (23)
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(ii) The D-tensor is trace-free in any of two indices, that is
9'*Dijk = g"Dyjr = gDy = 0. (2.4)

Proof. Before starting, take the Dyji defined as

1
Dijx = CEC ) (R Vifgsx — RjVifgi)
1
_ R (Vifgie — Vifai)
(n—l)(n—2) 1 g]k ) gix) -

(i) To verify the skew-symmetry in the first two indices, we compute Djix by swapping

the indices 1 and j in the expression above

1
Djix = M- Dm_2) (RjnVifgix — RuVifgsx)
1
R
T o Dm_2) (Vifgix — Vifgji) .

Factoring out a negative sign from each of the grouped terms yields

1
Diix = — RiiVifgix — Ri1Vifas
jik (n—l)(n—2)( LV1Tgjk il 1fgix)
1
+ —— (Rjk Vif — Ry Vjf)

n—2
R (Vifg — Vifga)

n—Dn—g) Ik Vildi

The bracketed expression matches Dyj exactly, proving that Dijix = —Djix.

(ii) We evaluate the three metric contractions of Dyji systematically

e Vanishing of g¥Dijx and g**Djijx From the fundamental skew-symmetry Dyj, =
—Djix proven in part (i), contracting the symmetric metric tensor with these anti-

symmetric slots yields zero immediately by standard index cancellation

gijDi]'k — 0 and gikDijk = _giijik = 0
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e Contraction of g'*Djjx Contracting the final two indices with g’*, we apply the
geometric traces ¢g'*gje = n, ¢g'*gix = 81, and g/*Rjx =R

1
(m—1)n—2)

g’*Dijx = (RuVif - n — R Vi £d54)

1
+ —— (RV;if — Rk Vi 1)
n—2

R

Evaluating the Kronecker deltas (Rj18;; = Ryy and V;fd;; = Vif), the expression

neatly reduces to

¢ Dyji = e 1)1(n — o) (n—DRuVif + 5 (RVif — Ry Vi f)
B (n— 1)R(n —2) (n—DVif
= %Ruvlf + ﬁRvif — %Ruvlf — %Rvif
=0.
This completes the proof. n

For a quasi-Einstein manifold, the scalar curvature is constant when m = 1. When

m > 1, we define the scalar function

p= g ((n=A-R),

the components of the symmetric (0, 2)-tensor P
Pij = Rij — pgyj,
and the components of the (0, 4)-tensor Q by

1
Qijkt = Ryjrt + H(Rikgjl + Rj1gix — Ritgjx — Rjxgit)
(A+p)
m

(gikgjl - gilgjk)
1 p—A
= Ri)’kl + H (Pikgjl + legik - Pugjk - ijgu) + T(gikg]‘l - gilgjk)-

The definitions provided above function as essential tools throughout our analysis,

clarifying our framework and facilitating the proof of several key results.
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Preliminary Results

In this chapter, we establish several key lemmas and preliminary results that serve as

the technical foundation required to prove our main results.

3.1 Propositions and key lemmas

This section focuses on preparing the foundational results necessary to prove our main
theorems. The proposition below allows us to compute V;p, which will be useful in our

subsequent proofs.

Proposition 3.1.1. Let (M™, g,f) be a quasi-Finstein manifold with m £ 1. Then we
have:

m—1

1 1
Py V;f = —“—1vip, or equivalently ViR = ——Ry;;V;f + —(R— (n — 1)A)V;if; (3.1)
2 2 m m

. 1
(divR)yj1 = Qijra Vif —

a(gikg]’l — gugjx)Pis V. (3.2)

Proof. From the twice-Contracted second Bianchi Identity, %ViR = V;Rji, and using
Vi |V, f[* = 2V V;V;5f, it follows

1 1
ViR =2V;R;; =2 (—Afvif + —V,VifV;f -V, viv]-f)
m m

2 1
== AfVf + =V V5> — 2V, V. VT,
m m

Now note that by the Ricci Identity we have V5V V;f = Ry Vif + ViAf, and taking the
trace of (2.1)

1
Af =nA — R+ — |V;f*,
m

39
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which gives
1 2
ViAf = =V, [V;f[" — ViR
m
Combining the facts above, one obtains that
2 1
ViR ==AfVif + —V, |V;fl> — 2(Ry V. f + V;Af)
m m

2 1
== AfVif + =V |[V;f — 2R Vi f — 2V Af
m m

2 1 1
= AfVif + =V |V;fF — 2R Vi f — 2 (—vi V5t — ViR>
m m m
2 1 )
=" AfVif — =V, |V;f° — 2R Vi f 4 2V;R.
m m
2 2
=—AfV;f— —Vivj'fv]'f — 2Ry Vi f +2V;R,
m m

where Vi V;fV;f = AVif — Ry V;f + LV f|V;f[*. So we have

2 2 1
ViR =2Ry Vi f — —AfVif + — <7\Vif — RijV;f + —Vif V5] >
m m m

1
_2< Ry Vif + — (?\ Af + — !Vﬂ) )

Since R = nA — Af + = |V; fI* we finally get

1 —1 | 1
VR =RV 4+ — [ nA — A+ A — Af + — [V | Vi
2 m m m

—1 1
:m—Rijvijr—(( M)A+ 1A — Af + — IVfI>Vif
m m

~1 1
= RGVf + —(R— (n— DAV,
m m

which proves (3.1).
For (3.2), using that PisVf = RisVf — pVif, we have
QijraVif — nll(gikgjl — gi19jk ) P1s Vs f
= RijaVaf + %(Rikgjl + Rj1gik — Ritgjk — Rjkgu) Vi f
_Ate — (g gj1 — gugj ) Vif — %(QikPjsst — gjkPisVf)

1
= Riji Vif + H(Rikvjf + gik Rt Vif — gjxRu Vif — R Vi f)

m

p
- a(gjkvif — g Vjf)

A P 1
- <— + n_1> (i V5 — g Vif) — n—l(gikstst — gjkRis V)
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1
(gikRj Vif — gjxRu Vif)

1
= Rijklvlf + —(Rikv)‘f — RjkVif) + —
m m

1
(gikRjVif — gjkRu Vi f)

m

AP
— (ﬂ_l + n_1> (g1 V5T — g Vif)

p
+ h—i(gikVJ‘f — gjkvif).
Thus we have the following identity

1
QutVif — —(9ikgj1 — 91 gjx ) Prs Vs f
m (3.3)

1 A
= Rijklvlf + n—l(Riijf — RjkVif) —

a(gikvjf — gjk Vif).

On other hand, by definition (divR)ijx = V;Rix — VRi; where using (2.1) we get
V;Rix :nll(VjVikaf + VifV;Vif) — V; ViV f,
VR :%(Vkvifvjf + VifVV;f) — Vi ViVt
So we have

(diVR)i]'k = Vj Rik — VkRij = V]-Vikaf + Vifv)'ka) — V]'Vika

1
—(
m

1
- <n—l(vkv1fvjf + Vif Vi Vif) — vkvivjf>

1
= — (Vi Vif Vief = ViVif V) + (Vi Vi V3f =V, ViVief)
1 1 1
= Rk]'uvlf + a (Agji - Rij + n—lvlfv]f> ka - (Agik — Rik + avlkaf) V]f

1 A
= RiuVif + — (R V5f — Ry Vief) — — (g V5T — 945 Vi),
m m
where we have used the Ricci Identity and (2.1). Note that by taking i <» k it follows

that

A
(g Vjf — g5 Vif)

. 1
(divR)iji = Ryjia Vif + — (R Vi — Ry Vif) — —
m m

1
= QyuVif — n—1(91k9j1 — gi1gjx ) P1s Vst

Remark 4. Using the result above yields

1 1 1
SVR= TSRy Vif+ —(R— (n— 1)A)Vif
2 m m

—1 1
m m

Then, organizing the terms we get

Ri]-ij = —%le + lef
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This fact allows us to write the D-tensor as being

1
(=D —2)
+ % (Rjk Vif — Ry V1)

(n— 1A= (m—1)p

 (n—Dn-2) (Vifgie — Vifgu) .

Dijx = [(—%Vip + Pvif> gjk — <—%1Vjp + ijf> gik}

Rearranging terms, one obtains that

1
Dijx = —" (Rjx Vif — Ry V)
mp— (m—1)A
(TL _ 1)(1’1 . 2) (Vlfg]k v]fglk)
m
M Dm 2] (Vipgjk — Vipgix) -

It is important to keep the identity above in mind as a tool for the next proofs.
The lemmas below are completely focused on characterizing the alternative properties

and geometric behaviors associated with the D-tensor.

Lemma 3.1.1. Suppose (M™, g, f) is a quasi-Einstein manifold. The Cotton tensor C,
D-tensor and Weyl tensor W satisfy the identity

m+n-—2
Cijk = —Wia Vaf + TDijk. (3.4)
Proof. By the definition of the Cotton tensor, we have

Cijk = ViRjk - Vj Rix — (gjkViR - QiijR) .

1
2(n—1)
Differentiating (2.1) yields

1
ViRjx = =ViV; Vi f + o (ViV;fVif + Vi fVi Vi f) |
and analogously,

1
ViRix = =V ViVief 4+ — (V; Vif Vief + VifV; Vief)

Subtracting these two equations and using the symmetry of the Hessian (V;V;f = V;V;f),

we obtain

1
ViRji = ViRik = = ViV Vief =V, ViVif) + — (V}fViVif — Vif V; Vief).
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By the Ricci identity, the commutator of the third derivatives of f satisfies
ViV)-ka — V]'Vika = Rijklvlf.
Next, isolating the Hessian terms from the fundamental equation gives
1
Vika = Agik — Rik —+ n—lvikaf,
1
Vjka = }\gjk - Rjk + n—lv]kaf
Substituting these expressions into (1.10), we compute:

1
Ciyx = — (ViV3Vif — V3V Vi f) + o (VifViVif — VifV; Vi f)

1
- 2(n——1) (gjkviR - gikij)

= —RijaVif — (g5k ViR — gik V;R)

_

2(n—1)
1 1 1

+ — |:V]f (Agik — Rik + —Vikaf) — Vif (Agjk — R]'k + —V]kaf>:|
m m m

1
2(n—1)

1
+ — (Rjx Vif — Ry V5 f).
m

A
(gjk ViR — gk V;R) +

= —RijuVi— " (

gik V;jf — g Vif)

Using the standard decomposition of the Riemann tensor, we obtain
1
Cijk = —WijiaVif — —" (Rikgjt + Rjtgix — Ruugjx — Rjxgir) Vaf
R

1
+ m—1)(n—2) (gikgjl - gilgjk)vlf + H(Rjkvif — Rikvjf>

A
+ ;L (gikv]'f — gjkvif) — (ViRgJ‘k — VjRgik)-

2(n—1)

Next, organizing and collecting similar geometric terms, it follows that

1 1
Cijk = —WiaVif — E(Rikvjf — Rk Vif) — m(giklevlf — gjkRu Vif)
R A
ik Vif — g Vif) + — (g Vjf — g5 Vif
+ (n _ 1)(T1 _ 2) (9 kv] glkv ) + m(g kv] g)kv )

1
+ -~ (RjxVif — Ry V5f) — 9ik ViR — gi VjR)

1
2(n—1)<

m+n-—2 1
Wi Vif+ T TSROV — RuVi ) — —— (gueRuVif — giRaVif
skt Vif + n—2) (RjV «V;f) n_2(9 KR Vif — gjRu Vi f)

mR—An—1)(n—2)
. mm—-1)n-2)

(gjkVif — giijf) — gjkViR - gikij)-

1
2(n — 1)(
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Taking R = (n—1)A—(m—1)p and using the contracted identity Ry V'f = —5 Vip+pVif,

the substitution implies that

m+n—2

Cix = —Wi ¥ SR
ik skt Vaif + mn—2)

(Rjk Vif — Ry V5)

Am+n—2)n—1)—m(m—1)p
- mm—1)(n — 2) (gikvif - gikvif)

m
~om_2) (g5xVip — gix Vjp) — %(gtkvjf — gk Vif)

m—1

S 6T 9uTin)
m+n—2
= _Wijklvlf + m (RjkVif — Rikvj f)
Am+n—-2)(n—1)—m(m—1)p 0
(et ) @i gy
m m—1
B (2(n— 2) 2(n-— 1)) (97xVip — g Vip)
m+n—2
= _Wijklvlf + m (Rjkvif — Rikvjf)
m+4+n—2
- —1)— W Vif — g Vi
i m g U T me) (G Vi = 9uVif)
m+n—2
C2(n—1)(n—2) (95:Vip — gucVip).

Finally, organizing out the coefficient (m +n — 2)/m, we conclude that

m+n-—2
Cijk = —WiaVif + ———Dyjx,,
m
as desired. O

Lemma 3.1.2. Suppose (M™, g,f) is a quasi-Einstein manifold. Let ™Y be a level
set of fwith Vif(p) # 0, and let hqp(a,b =2,...,n) and H = (n — 1)o be its second

fundamental form and mean curvature, respectively. Then we have

o = 2V 3 Ty — 0gus? + m VER[?
(n—2)2 &= " 72 T —1)(n—2)(m—1) ’

where |V=R|* = VR — (ViR, Vif)*/ IV,

Proof. Let {e;}I*; be an orthonormal frame with e; = V;f/|Vf| at a point where V;f is

nonzero. First, take the Second fundamental form hg, and the mean curvature H of the
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level hypersurface £ as being
Vif

haqp = <Vea|vf|7 b> IVfI —— (Ve Vif,ep) = IVfI e Ve, = IVfI ——(Agab — Rab),
1 « n
H:W;haa |Vf|< Zgaa ZRaa) |Vf|( ( _1)_(12_2Raa)
1

where

R = i Raa = i Raa + Ry1, and then i Raa = R—Ry;.

a=1 a=2 a=2

Now, by using that Ry Vif = pVif — ZV;p, yields

1 1 m
Ry = —RuVifVif = —— ( vif— 2y, >Vf— _ Vip, Vif),
RERIT R AS P \P g VP P SwE Vi Vi)
1 m m
Riqa = =Ry Vjf = Vf,eq) — ——=(Vip,eq) =
e = |y |Vf|< ) 2|Vf|< 2 2 VTl
Moreover, notice that
1 1
a0 =——gapH=—"—"——(A(n—1 R—R)a
9av0 = gy 9erH = e (A D = (R—Ri) g
So we have
n n 1 2
Nap — 0gapl? = Adab — R ——(?\ —1—R—R)a
abZ_2| b — 0Gab| abZ_2 IVfI( gab — Rav) (n—1) VTl (n—1)—( 1) ) gab
_ i L Agus — R )—;<?\(n—1)—(R—R ) :
a’b:2| f|2 Jav ab (n—1) 11) ) 9ab
n 1 1 2
= R—R ab — Ra
me_Q |Vf|2 (n—l)( 11)9 b b
Thus
Z “'Lab_(ygab|2
a,b=2
-y L (R—Ri)?ga6Gab — ———— (R — Ri1)gasRas + [Rasl’
o 2|Vf| _1)2 11 abYab (Tl—l) 11 abMNab ab
_ L (R—Ry)Mm—1)— 2 R R ZR +Z|R 2
_|Vf|2 (TL—l)Z 11 ( 11 aa R ab

B |V1f|2 (nl_l)(R—Rn)Q— (nil)(R—Rn)% Z IRab|2>

a,b=2
1 2
= e E Ravl” — )( —Ruy) )
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Now observe that

n

> |Rab|"’—Z|R1b| +ZZ|Rab| = Ry’ +Z|R1b| +ZZ|Rab|

a,b=1 a=2b=1 a=2b=2
|R11| +Z|R1b| +Z|Ra1| +ZZ|Rab|
a=2b=2

and then

D R = Z Rapl” — Ry —zziw

a,b=2 a,b=1

Using the fact above it follows

Z |hab - O-gab|2

a,b=2
Ravl” = RiF—=2) Ryl — (R—Ryp)?
- (Z R =2 R~ k=R )
=Y Rl R - —(R—RH)Q,
P2 1] |Vf| 1) [veP
where
1 5 1 m? 9
= Ryl =— Vip, Vif
ny12| ul V2 ( yVﬂ2< Vif) + 4\Vﬂ4< P >>
1 m 2
= — 1 vi ,Vif )
v’ |Vf|4< f) - 4|Vfl6< P, Vif)
m — 2 2 m? -« 9
- Vap) =——(— ¥ |V,
IVfI G ( 2|Vf|Z ) |Vf|2<4|Vf|2aZ_2| ol*)

- 2ﬂ2 (WH (Zwapr ~ Vil ))

2 m2 2 1 2)
— [ (1VelP = =5 (Vip, Vif
|Vf|2<4|w|2(' of g (Ve Vil )

2
- 2+ Vi, Vif
2|Vf|4’ P 2|Vfl6< P Vif)",

m
|Vf|2 <Vip7 Vif>7

:(n—1)7\—mp—|—2
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and
R—Ri1)? = (n—1)>2A%+m?p? + Vip, Vif
( 11) ( ) Y AV, ﬂ4< Y >
m(n—1) m?p
—2(n—1)Am +—V1,Vif — ——(Vip, Vif),
hence
1 n— 1)A? m?p? m?
——Q(R—Rn)z = —( 2) — P 7 — 6<V197Vf>2
(n—1)[VA| \4i (n—l)!Vﬂ 4(n — 1) [VA|
2ln —1)A
(n ) mg)_ m(n — 4<V1 v, >
(n—1) VA (n— )IVfl
m2p
4+ ————(Vip, Vif
e e Vi)
(n —1)A? m?p? m?

2
=— - - Vip, Vif
VA2 (n—l)!Vfl2 eI

2A —
— m{me ~ (n )<V P, Vif).
VA (n—1) |V
Adding them together yields
Z “'Lab_cgab’2
a,b=2
=y L Rel L RuE - Z| P R R
o VI v \Vﬂ ‘ 1) [V
_ i LRl — —— 2+ P G0 Vi) — (90, i)
ao1 VAl IVfI i 4|V
n—1
- Vol + Vip, Vi)’ —
AT |6< PVit) =g
_ m?p? _ < 2Amp
=1V 4n—1)|vf° ik
m(mp—(m—1)A
(me — 4) )<Vipuvif>
(n —1)|Vf|
om’n—1)—m?—m?(n—1
=Y Rl ™y 2D P (9, vt
a1 VAl 2|Vf| 4(n—1) |Vl
mpn—1)+m(mp—n—1)A n—1)p? — mp?
n p( ) +m( P ) <Vip,vif>—( )p 10
(n—1)|VA] (n—1)|VA]

2smp - n—1,
iRk
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1 2 m
= R(l - V 1. 7
M abZ_1| o e VO 4( —1 |Vf|6< )
m((m+n—1)p— (n—1)A) (V0. V) — mi4+n—1 5
(n—1) Vel “ (n—1) Vi

2m n—1
+ Ap — 2
ik ik

Now take Dyjx = D(ey, €, ex). Then we have

Dijx = b1(g5xVip — gik Vip) + ba(Vif Rjx — V5 Ri) + bs(Vif gjx — Vst gix)

where Vi =V, and

m 1 (nm—1A—mp
b, =— by=——, by =— .
T oom—1)(m-2) —2' 7 mn—1)(n—2)
This gives us that
|D|2 Z |D1]k|2
i,j,k=1
- b?( S Vel -2 Z Vol in Y |Vp12)
ij=1 i,j=1
+b§( Z IRy [ VF[? —2 Z RixRucVifVif + > IRikIQIVfF)
ijk 1 i,j,k=1 i,j,k=1
+b§( > ViR - ZZ IV + Z |Vf|2)
i,j=1 i,j=1
+2b1b2< Z Rjkéjk<vip,vif> —2 Z Ri]' (Vip,ij) + Z Rikéik<V]~p,ij>)
1j,k=1 i,j=1 i,j,k=1
+ 2b, by <n D (Vip.Vif) =2 ) (Vip, Vi) +n ) (Vip, Vﬁ))
1j=1 ij=1 =1
+2b2b3< > Rudd v -2 Z Rij (Vif, Vjf) + Z Rircdin| V| )
i,j,k=1 i,j=1 i,j,k=1
so we have

DF = b3 (2(n— 1)IVeF) +b3(2 3 RaFIVIE—2 3 RuViff)

i,k=1 i,k=1

+b3(2(n— 1) [VH*) + 2b1bs (2R(Vip, Vif) =2 > Ry (Vip, V;f))

i,j=1

+2b1bs (2(n — 1)(Vip, Vif)) + 2bybs (2R V[ Z 2Ry (Vif, Vjf)).
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Now note that by Ry Vif = —5Vip + pVif, it follows

Z Ry (V;f, Vip) = Z (RyV;f, Vip) = Z (- %Vip + pVif, Vip)

i,j=1 i,j=1

=—3 |VP| + p(Vif, Vip),

Z R Vi f” Z (— —vlp +oVif, — TV +oVif)

i,k=1 i=1

= T IVp!2 —mp(Vip, Vif) + p? [VF,

> Ry(Vif, Vf) = —%<Vip, Vif) + o V2,
j=1
and then

m2

An—1)2(n—2)? (

L 3 2 2 i 2 2 2
+ o) <2i§1|Rik| \%4i —2(%|Vp| — mp(Vip, Vif) + p*|VA] )>
(n— 1))\—mp)2
(m—1)2(n—2)2
2m
C2(n—1)(n—2)2
2m((n —1)A —mp)
2(n —1)2(n —2)2 (2
B 2((n— 1A —mp))
n—1)(n-2)

Writing the expression over a common denominator

DI’ = 2(n—1)[Vpl*)

(2(n—1)|Vf[*)

(2R(ip, Vi) —2(— 5 IVl + p(Vif, Vip)) )

n—1)(Vip, Vif))

(2RIVHP —2( - 5 (Vip, Vi) + p [V )).

2 m 2
DF = 5 IVl
2An—1) m o
2n—1)(n—2) (2 H;'le' VA — 2( 2 L IVol" —mp(Vip, Vif) + 0? |V ))
2((n— 1A —mp)” )
T omoDmoge V)
2m

T 2n—1)(n—2) (2R(Tip. 9i) —2(= IVl +p(Vif, V1)) )

2m((n — 1)A — mp)
2(n —1)(n—2)2
4((n—1)A—mp))

T M Dm=2) <2R|Vf|2_2(—%l<vip’vif>+p|vf‘2>>7

(2(Vip, Vif))
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so we have

2

m? — (n—1)m? — 2m? 9 4(n—1) y — 9
=2V s nm e VT 2 Rl

2
D]’ =

i,j=1

L Am(p(n —1) —R+p— (n—1DA—mp) + ((n—1)A —mp))
2ln —1)(n—1)2

4(p*(n —1) — ((n— A —mp)” — p((n — )X — mp) + ((n — 1)A — mp)2R)

B 2(n—1)(n—2)? IVl

<Vipa v1f>

. mn 9 4(1’1—1) , n ,
B _2(T1— 1)(n—2)2 Vol™ + 2(n—1)(n—2)2 VA Z Ry

4m(pn — ((n— 1A — (m—1)p))
2(n—1)(n—1)2
4(p*m—1+ (m=1DA—=mp)2((n—DA—mp) — (n— 1A —mp)))

2
B 2(n—1)(n—2)? Vi

ij=1

(Vip, Vif)

1
2n—1)(n— 2)2(

2
= 4n—1) ik Z |R1'_j|2 —m’n |VP|2)

ij=1

4m((m+n—1)p—(n—1)A)

2(m—1)(n—1)2 (Vie, Vif)
2(n —1)(n —2)2 '
Now note that

1

VIR = ViR — ——(ViR, Vif)’
VA

—1)?

= (m—1)2|V;pl* — (m — 1) <Vip,vif>2

Ak

which implies that

T (m—1)
and then

m
2n—1)n—2)(m—1)

SIVERP? = IV5pl>.

m
2n—1)(n—2)

Now by substituting the terms in Y_,_, [hap — ()'gab|2 , it follows that

AVIE & ) m? -
VI ST L — o R
(n—2) abZ_2| o= 09arl + S o Y

AV & ) m? .
= S hey — oga v
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- (ilif;;(Wlﬂ? 2 [Reol’ = I T a0 )’
et - 2 2ot
+2(n B?n 2)<|Vp’2_|v1f|2<vip’vif>2>
|Vf|2”leRul2 L AT AUk
“““f*i;ti":zﬁt‘”) AR A
+ om0 - 2R e
e i e e T LU

Writing the terms over the same denominator yields

2|Vf|4 = 2y m? R
E R

B 4n—1) ) — ) 2m?(n—1) )
= dm—Dm—2p " ;'Ri” T m_22 " ?
m2(n — 2) e Am(man—Dp—(n—-1A) _
Fam 2w VeV TG g (Ve
4m+n—1)p? 2, Sm(n — 1)Ap s 4n —1)2A2 )
B ot e LA ey o KA B ey A
m?(n —2) 9 m?(n —2) 2
oM Din— 2)2’Vp| T om—1)(n— 2)2|Vf|2<vip’ Vif)
B 4(n 5 2 n—2)—2n—1)m? 9
- ”ZJRI" ( “Dn—2z

4m((m+n—1)p—( — 1))
2(n —1)(n —2)2
A((n = 1)p? + mP0” — 2mp(n — DA+ (n— D*N) 1
- 2(n—1)(n—2)2
1 n
= oD g DIV i; Ry[2 — m*n|Vp])
4m((m+n—1)p—(n—1)A)
2(n—1)(n—2)?
4((mp — (n— 1A + (n— 1)p?)

2
B 2(n—1)(n—2)? IV

(Vip, Vif)

(Vip, Vif)

+
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Therefore, we conclude that

2

2IV' o 2
DP = =2 Y Jhew —0ga
o] (n—2)2ab_2|hb o9ael + 3

m
(n—1n—-2)(m

VR
]

By using Lemmas (3.1.1) and (3.1.2) , we are now able to establish the subsequent

proposition

Proposition 3.1.2. Suppose (M™, g, f), n > 3, and a quasi-Finstein manifold with
m # 1and D = 0. Let ¢ be a regular value of f and £ = {x € M;f(x) = c} be the level
hypersurface of f. Then:

(i) The scalar curvature and |V|* are constant on L;

(ii) The second fundamental form hqv, of L is of the form hq, = (n%gabf and the

mean curvature H is constant on L;
(iii) RavetVif =0, where a,b,c > 2 on L;

(iv) On X, the Ricci tensor has either a unique eigenvalue or two distinct eigenvalues
with multiplicity 1 and n — 1; moreover, the eigenvalue with multiplicity 1 is in the

direction of Vf.

Proof. To prove (1), take an orthonormal frame {e;}* ,, with e; = Vf / |Vf|, and consider

i=1

a point where VT is nonzero. Using Dijx = 0 and Lemma 3.1.2, we obtain
IVZR? = 0.
Hence,
ViR =0, (a=2,...,n),

which proves that R is constant on X.

Now taking Vif = ey |V;f] it follows
Va(IVifl?) = 2(V Vif, Vif) = 2|Vif| (Vo Vif, 1)
2|Vif| V.V, f.
From the fundamental equation
VaVif =Aga1 — Ria + %(Vaf, Vif)

- _R1a7
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where, because of R=(n—1)A— (m —1)p and VR =0, we get

m

m
Rig=—— g.op=— VR =0.
! 21Vt P T T m 1) V]

Hence

Va(IVif?) = 2|Vif| Vo Vif = —2|Vif| Riq = 0.
For (2), from Dyj =0, and Lemma 3.1.2 we get
|hab — 0—gabl — O,
then we have

1
ha - a :—Haa
b= 09ab n—1 Jab

as claimed.
Using the Codazzi equation, we obtain
Vch'ab - Vbhac = Rabcl'
Contracting with g@®, it follows that
vchaa - gabvbhac = Rcl =0.

Interchanging the indices a and b, we get

vchaa == gabvahbc

- Qabva(ngc)
=06:Vq0
=V.o.
Hence,
Vohae — Voo = VoH— —— v.H=""2¢ 1 =0
n—1 n—1
Therefore

V.H =0.

This completes the proof of (2).

For the third item, observe that, by the previous results,

1
chav = ——=VcHgap =0.
Velay n—lV Jab
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Hence,

Vchay = 0.

Similarly,

Vihae = 0.

Consequently, the Codazzi equation implies that
1

il

which means that, Rqpc1Vif = 0.

Rabcivif - Vchctb - vbhac - 07

Finally, by the fundamental equation, we have
1
Vavbf - }\gab - Rab + a<vafa Vbf> - }\gab - Rab7

since V,f =0 on L.

Moreover,

and

As a consequence,
1
—H|Vflgar = VaVuf =Agap — Rav,
n—1 IVl gav = VaVy Jab b
which implies that
1
Rap = | A— ——HI|VA] ) gab = UGab,
b ( m—] |V|>9b Hgab

where, on X,

1
uw=A— ——H|VA]
n—1

is constant by (1) and (2).
Considering now the direction of Vf, it follows that

R=Ri+) Raa

a=2
=Ru+Mm—1)p
=Ry + (n—1)A — H|VA].
Hence,

This completes the proof.



Chapter 4

Main theorems

This chapter is dedicated to proving two key rigidity results for compact quasi-Einstein
manifolds under the assumption of a vanishing Bach tensor. Initially, we establish Theo-
rem 4.1.1, showing that a vanishing Bach tensor forces the Weyl tensor to be harmonic
and orthogonal to the gradient of the potential function. Second, we specialize to the
four-dimensional setting in Theorem 4.2.1, where this geometric constraint yields an

even stronger rigidity phenomenon, ensuring that the manifold is locally conformally flat.

4.1 General case (n > 4)

We first examine the general case, the proof of which requires several of the main

results established in the previous chapter

Theorem 4.1.1. Suppose (M™, g,f)(n > 4) is a compact quasi-Einstein manifold with
m # 0,1, or 2—mn. If the Bach tensor B vanishes everywhere, then M has a harmonic

Weyl tensor and Wiji Vif = 0.

Proof. Before starting, fix a point p € M and let {ex}}_; be an orthonormal frame with

Vei(p) = 0. Using definition of the Bach tensor we get
(n —2)Byj = (Vi C)kij + R Wik,
where the Cotton tensor components are given by

Crij = —Wiin Vif + ———Dxy.
m

95
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Differentiating this relation, we obtain

(N —2)Bij = Vi (Wit Vif + Dyij) + RiaWigu

= Vi (Wit Vif + Dyij) + RiaWign

m+n—2
= (ViW)ug Vaf + T(VkD)kij + Wit (Ria + Vi Vif).

Recall that the fundamental equation of a quasi-Einstein manifold states that

Rt + VieVif = Agi + %kavlf.
Substituting this expression back into our equation for the Bach tensor gives

(N —2)Byj = (VilW)ug Vuf + %H(ka)kij + Wit (Agr + nilkavlf)'
Next, we exploit the algebraic symmetries of the Weyl tensor. Since
Wikt = Wik = Wik,
taking the divergence with respect to the index a implies that
(ViW)igji = —=(VicW)yjik = —(divW)y;.
by the Proposition 1.2.9, we get that Wiy is trace-free and then
AgiuWi = 0.

Furthermore, using the Proposition 1.2.10

n—3
n—2

—(divW)mVLf = CljiVLf.

Finally, applying these geometric simplifications to the Bach tensor expression, we

arrive at

) m-+n—2
(n —2)Byj = —(divW) i Vif + T(VkD)kij

1
+AgiuWikj + " ikl Vif Vi f

) m+n—2 1
= —(divW) ;i Vif + T(VkD)kij + ;Wikjlkavlf
- n—3 m+n—2

1
= ——CyiVif + ————(ViD)iyj + =Wt Vi Vi f.
n—2 m m

By the algebraic skew-symmetries of the Cotton and Weyl tensors, we observe that

CIJIV[vaf - _C]llv) fVLf - _C[)1v1fv]f7
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which immediately implies this contraction vanishes. By a similar argument using the

pairwise skew-symmetries of the Weyl tensor, it follows that
Wit Vif Vi fV; £V f = 0.

Hence, contracting both sides of our main identity with Vif and V;f, we obtain

—2
(n — 2)By; Vi fV;f = %(vkmmvifvjf
Now, on integrating over M, we infer
m(n —2)

Applying the product rule to the divergence of the vector field Dyy;VifV;f, we obtain
Vi (Dkijvifvjf> = (VkD)kijvifvjf + Dy Vi VifVif + Dy Vif Vi Vi,

Using the skew-symmetry of the D-tensor in its first two indices (Dyij = —Diyj), we
observe that

Dyij Vi VifVjf = Dy ViVt Vi f = =D Vi Vi FV; £
Relabeling the dummy indices i <> k on the right-hand side, it follows that
Dyi; Vi VifV;f = —Dyy; Vi VifV;f,  which implies Dyy; Vi VifV;f = 0.

Integrating the divergence expression over M, the second term on the right-hand side

vanishes identically, leading to

J V(D ViV, ) 4V, :J
M

(VkD)kijvifvjf dVg + J Dkﬁvikavjf dVg
M M

Assuming M is a closed manifold, the Divergence Theorem implies that
J Vi (Dyij VifV;f) dVy = 0.
M
Consequently, we establish the following integration-by-parts relation
J (ViD)yi; VifVifdVy = —J Dy Vif Vi V;fdVg.
M M

Combining these facts, we finally arrive at

m(n —2)

m4+n— 9 JM Bij Vlfvlf dVg = — J'M Dkijvikavl'f dVQ
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Using the fundamental equation to substitute the Hessian term Vi V;f, and recalling that

Dyj is completely trace-free (gyx;jDxij = 0) and satisfies Dy Vi fV;f = 0, we obtain
—Dii; Vif Vi Vjf = Dig; Vif (R — Agij — %kavif)
= DyijRy; Vif — AgyjDiij — %Dkﬁkavif
= Dyt R Vi .

Next, consider the following combination

1 1 1
5Dk (Ry; Vif — Ry Vi f) = 5 DR Vif = 5D Ry Viif.

By relabeling the dummy indices k <+ i and invoking the skew-symmetry of Dyy; in its
first two indices (Dyij = —Djix;j), the second term on the right-hand side transforms as

follows

1 1 1
5Dk (Ri; Vif — Ry Vi f) = 5 PxiiRig Vif — 5Dk Rig Vif

1 1
= §Dkij Ry Vif + §Dki]~ Ry; Vif
- Dkij Rk]’ Vlf

Furthermore, by the standard definition of the quasi-Einstein invariant tensor D gy, we

have
Dyij = — T (Vkpgy — Vipgy;) + L(Ri'ka_ Ry Vif)
) 2n—1)(n—2) ) Voin—2VY )
(m—1A—mp
. GVif — g Vi),
(n—1)n—2) (95 Vief — 91 Vi)

Contraction of this definition directly with D g5 yields a simplification where the terms
proportional to the metric g vanish due to the trace-free property of D. This leads directly

to the relation
—(n —2)|DP® = Dyij(Raj Vif — Ry; Viief).

Consequently, we can rewrite the initial pointwise contraction entirely in terms of the

norm of D

_Dkij Vikav]' f= Dkij Rkj Vlf

1
- §Dkij (Rk) Vlf - Rij ka)

—2
:_n_’D’?
2
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Finally, integrating this identity over the closed manifold M and substituting it back into

our integrated Bach tensor formula, we obtain

m(n —2)
m4n—2 JM By VifVifdVy = — JM Dy VifV Vit dVy

n—21(

=———| [DPavV,.
2 Im
Dividing both sides by the common factor (n —2), we arrive at the final integral identity
m 1
———— | ByVifVjfdVy=—-| [DI*dV,. 4.2
m+n—2JM PVifViTdVy 2dM| "V (4.2)

This result implies that if the Bach tensor vanishes identically on M, then the D-tensor
also vanishes. At a regular point of f, we can choose a local orthonormal frame such that

= Vf/|Vf], and we denote the components of the Cotton tensor by Cijx = Cley, €5, ex).
By the symmetry properties of the Weyl tensor and the relation Cijx = —Wij1 Vif from
Lemma 3.1.1, it follows that

1 1
Wi Vi fVif =
Ik il

which allows us to conclude that Cij; = 0.

Cij1 = Wi VifVif = —Cyj,

Next, let a, b, c > 2 be coordinate indices. Using Proposition 3.1.2, we observe that
Riq = 0 and Riqpe = 0. By invoking the standard definition of the Weyl curvature tensor,
we find

1
Waver = Raver — m(Racglb + Rivgac — RiaGve — Rbcgla)
+ X (9acgbt — 91a9oe)
Mm—1)(n—2)

= Rc1bc1-

Since Rqpe1 = Ricva = 0, we obtain Wape1 = 0, which yields Cape = Waper = 0.
Finally, it remains to show that Cyi; =0 for all i,j =1,2,...,n. Indeed, since D =0

and the Bach tensor vanishes, we have

3 1
0=(Mn-2)B; |Vf|2 2C11; |V1°|m Wi Vif
n—3 1
|Vf|n 2C11] + |Vf|mW11j1VLf
-3 1
= |Vf|TL Ciy + IVF=Cyy
n—2 m

n—-3 1
= |VA] (— + —) Ciyj.
m
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Observe that when n = 4, we have m # —(n — 2)/(n — 3). Indeed, for n = 4,
—(n—2)/(n—3) = —2, which is excluded by the hypotheses of the theorem. Consequently,
Ciy5 = 0.For n > 5, it is sufficient to prove that Ciqp = 0 for a,b > 2. First, note that

by applying Rqp, = tdap from Proposition 3.1.2 together with (1.8), we obtain

1 R
Ciab = —Wiain|VF? = (_Rlalb + o— (R11gab + Rap) — CESCE) gab> [V f[?
= | —Riaw + . (R + ) — R IV f[?

R 1
— [ —Ria1p — — R ab | IVF%.
( lalb ((n—l)(n—Q) n—2( 11+H)>9 b)| |
Since |Vf| is constant from previous results, we have

leq, VI] = [eq, |VTfle] = 0.

Furthermore, using (e1,e;) = 1 and (e;, eq) = 0, we obtain Vie; = 0. Indeed, from its

decomposition,

n

1
Vier = Z<V1€1, eq)eq + (Vier, e1)e; = 561“61, e1))er = 0.
a=2
Observe that we also have
Vaeb = (Vaep, e1)e; = —(ep, Vaer)e; = —hgpe;.

We can now calculate Ryq1p directly

Riaib = (ViVaee, —VoViep, e1)

<V1(V§eb + Vieb), e1) — (VaViep, e)

<V1(v§eb —haver),e1) — (VaViep, €1).
Since (Viep, e1) = e1({ep, 1)) — (ev, Vier) = 0, it follows that

—(VaViep,e1) = —eq((Viev,e1)) + (Viep, Vaer)
= <vbela vael>

= hachep-
Using these results, we find that

Riqib = (V1V§eb, e1) + (Vi(—havei),e1) — (VaViep, €1)

= _<V§eb> V1el> - v1(hab) + ha«:hcb

1 H?

= _(n—_l)vl(H)gab + mgab-
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Taking the trace of Riq1p yields

Ry =—Vi(H) +

(m—1)’

which allows us to write

1 H?
Riaip = m <—V1(H) + m) Jab

1

= —Ri10ap-
(n—l) 119ab

Now, observing that
n
Z Raa = (Tl— 1)%
a=2

the scalar curvature decomposes as

R=Ru+) Raa=Ru+(n—1p

a=2

Substituting this decomposition into the expression yields

Rip+ (n—1)p 1
Wiaib = —Riaip — o R a
lalb lalb ((n—l)(n—Q) n—2( 1+ 41| gav

_ 1 R _ Ri1 - R
T T e T\ W S (n—2) n—2)9®

1
= —mRngab +

Ri1gap = 0.
n—1 119ab

We conclude that
Ciab = Wiaip|VI? =0 forall a,b > 2,
which completes the proof.

]

By combining [13, Theorem 1.2], the global classification of warped product Einstein
manifolds with harmonic Weyl tensor, and Theorem 4.1.1, the geometric constraint

Wik VifVif = 0 implies the corollary below

Corollary 4.1.1. Let m # 1 be a positive number. Suppose that (M™, g, f) withmn > 4 is

a simply connected quasi-Finstein manifold with A > 0 and has a vanishing Bach tensor.

Then (M™, g,f) is either

(i) Einstein with a constant function f, or

(i) g = dt® + V2(t)gr and f = f(t), where g1 is Finstein with nonnegative Ricci

curvature, and has constant curvature if n = 4.
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4.2 Fourth dimensional case

This section is dedicated to examining a specific case directly motivated by The-
orem 4.2.1 and several results found in [13]. To prove this result, we analyze each

scenario independently, showing that in every case, the Weyl tensor Wjji, vanishes.

Theorem 4.2.1. Suppose (M*,g,f) is a compact quasi-Einstein manifold with m #
0,1,—2. If the Bach tensor B vanishes everywhere, then Md is locally conformally flat.

Proof. Let (M*, g,f) be a compact 4-quasi-Einstein manifold with m # 0,1,—2, and
assume the Bach tensor vanishes everywhere on M. Setting n = 4, the structural con-
straint m # 2 —n from Theorem (4.1.1) reads precisely as m # —2. Since this value
is explicitly excluded by our hypothesis, the conditions of Theorem (4.1.1) are satisfied.
Consequently, we conclude that M has a harmonic Weyl tensor and satisfies the alignment
condition Wi Vif = 0.

To prove that M is locally conformally flat, we must show that Wiji, = 0 identically.
At any regular point of f, we choose a local orthonormal frame {e;}{_, where e; = Vf/|Vf],
and let a,b,c,d € {2, 3,4} denote the spatial directions orthogonal to e;. We analyze and

eliminate all possible components of Wjji via the following four cases

Case 1: Components with at least one index equal to 1.
By Theorem 4.1.1, we have

1

Wik = W

WiV =0,
which yields the desired result for this case.

Case 2: Purely spatial components with two repeated pairs (Wapqv)-
For b € {2,3,4}, expanding the trace Z?:1Wibib = 0 in an orthonormal frame gives
Wibib + Wabaw + Waps, + Wipap = 0. Using Wipip = 0 (from Case 1) and Wyppp = 0
(by anti-symmetry), evaluating for b = 2, 3,4 yields

Wias2 + Wige = 0,

Woasaz + Wiz = 0,

Wasoq + Wiyzs = 0.
Since Wabab = Whaba, this system has only the trivial solution

W2323 = W2424 = W3434 =0.
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Case 3: Purely spatial components with one repeated pair (Wqqcr or Wapac)-
Next, we examine components where one pair of indices is repeated, such as Waa33, W30y,
or Wapac where b # c¢. By the fundamental pairwise skew-symmetry of the Weyl tensor
on its first two slots, any component where the first two indices are identical is trivially

Z€Ero
Waacb - _Waacb =0 = W2233 = 0.

For components of the form Wy, 4. where the repetition occurs across different pairs, we

apply the trace-free condition once more (Zf:1 Wipic =0 for b # ¢)
Wivic + Wapae + Wiapsze + Wipae = 0.

Since Wip1e = 0 from Case 1, and the terms where i = b or 1 = ¢ vanish by internal
anti-symmetry (e.g., Wyppe = 0), the remaining single term must vanish. For example,

selecting b = 2 and ¢ = 4 forces
Wip34 =0 = Wizpq = 0.

As a result, all components with one repeated pair are zero.

Case 4: Purely spatial components with distinct indices.
Since the spatial index set {2, 3, 4} has cardinality 3, it is impossible to choose four distinct

indices a, b, c, d. Hence, no such components exist, and this case holds vacuously.

Combining Cases 1 through 4, the Weyl tensor vanishes on the set of regular points
of f. By continuity, W = 0 everywhere on M*, which shows that (M, g) is locally
conformally flat.

]

In [13], He, Petersen, and Wylie studied warped product Einstein manifolds with a

—f/m in the interior of M

non-empty boundary oM. Following their setup, let u = e
and u = 0 on OM. As noted in their work, both Theorem(4.1.1) and Theorem(4.2.1)
extend naturally to the case where M has a non-empty boundary.

To see this, for any ¢ > 0, one considers the regular sublevel sets M, = {x € M :
u(x) > ¢e}. It is sufficient to show that D = 0 on M,, since sending ¢ — 07 yields D =0

on the entire manifold M. Indeed, the boundary integral in (4.1) vanishes:

J D(v, Vf, Vf) dvol =0,
M,
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because the unit outward normal vector v along OM. is parallel to Vf. Consequently,

the integral identity (4.2) holds on M., from which it follows that D =0 on M.
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